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INVARIANT MEASURES FOR
SET-VALUED DYNAMICAL SYSTEMS

WALTER MILLER AND ETHAN AKIN

ABSTRACT. A continuous map on a compact metric space, regarded as a dy-
namical system by iteration, admits invariant measures. For a closed relation
on such a space, or, equivalently, an upper semicontinuous set-valued map,
there are several concepts which extend this idea of invariance for a measure.
We prove that four such are equivalent. In particular, such relation invari-
ant measures arise as projections from shift invariant measures on the space
of sample paths. There is a similarly close relationship between the ideas of
chain recurrence for the set-valued system and for the shift on the sample path
space.

1. INTRODUCTION

All our spaces will be nonempty, compact, metric spaces. For such a space X
let P(X) denote the space of Borel probability measures on X with § : X — P(X)
the embedding associating to € X the point measure é,. The support |u| of a
measure p in P(X) is the smallest closed subset of measure 1. If f: X; — X5 is
Borel measurable then the induced map f. : P(X;) — P(X2) associates to u the
measure f,(u) defined by

(1.1) Fw)(B) = u(f1(B))
for all B Borel in X5.

We regard a continuous map f on X as a dynamical system by iterating. A
measure p € P(X) is called an invariant measure when it is a fixed point for the
map fi : P(X) — P(X),ie. folu)=p

A relation F' : X1 — Xo is a subset of X7 x X5. We associate to z € X3
the subset of X5 given by F(z) = {y : (z,y) € F}. The relation is a function
when each F(x) is a singleton. For A C Xj, the image F(A) = J{F(x) : = €
A} ={y :y € F(x) forsome x € A}. The inverse relation F~' : Xo — X is
{(y,z) : (z,y) € F}. So for B C X2, F~Y(B) = {z: F(z) N B # 0}. In particular,
the domain of F, denoted Dom(F), is given by F~1(Xs) = {z € X1 : F(x) # 0}.
F is a closed (or Borel) relation when it is a closed (resp. Borel) subset of X x Xs.
A function is a closed relation iff it is a continuous function. If F' : X; — X5
and G : Xo — X3 are relations then the composed relation G o F : X1 — X3 is
{(z,2) : z € G(y) for some y € F(x)}, i.e. the projection to X; x X3 of the subset
(FxX3)N (X1 xG) C X1 x Xox X3. The composition of closed relations is closed.
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For the elementary facts about relations, and the notation we will use, see Akin
(1993), Chapter 1.

Both for its own sake and for application to the usual function case, the dynamics
of a relation F on X, i.e. F: X — X, have recently received some attention, e.g.
Aubin and Frankowska (1990), McGehee (1992) and Akin (1993). As in the function
case, the dynamics are obtained by iterating. By convention, F is the identity map
lx, F1 = F, F? = Fo F and F" is the n-fold composition for any positive integer
n; and we write F~" for (F~1)".

For a relation there are two concepts of invariant measure in the literature which
extend the continuous function notion. We introduce two more and will prove in
Section 3 that for a closed relation F' on X all four definitions are equivalent.

(1) Aubin, Frankowska and Lasota (1991) call a measure p € P(X) invariant for
Fif

(1.2) u(B) < p(F~1(B))

for all Borel subsets B of X. We will then call p an invariant; measure. If F = f
is a function then f~1(A) and f~!(X\A) are disjoint, and so, applying (1.2) to
B = A and B = X\ A4, we obtain equality. By (1.1) this condition says u = f.pu,
and so p is an invariant measure for the map.

(2) A Markov kernel  from X5 to X5 is a function from X; to P(X32), associating
to each € X; a measure k; on X5 such that for each Borel set A, k,(4) is a
Borel measurable real valued function on X;. For example, if f: X; — X5 is a
Borel measurable function, then éy = do f : X1 — P(X32) is the Markov kernel
associated with f, associating to z the point measure dy(,). For a Markov kernel
k: X1 — P(X2) there is an induced mapping on measures s, : P(X;) — P(X2)
defined by

(1.3) bou (1) (B) = / oo (B u(d)

X1

for B a Borel subset of Xs. Notice that k.(u) depends only on the measures k,
for x € |p|. Clearly, for k = dy, ki = fo. If F: X1 — Xo we say that the Markov
kernel k : X7 — P(X2) is supported by F when

(1.4) |y C F(z) for all z € X;.

For example, let f: X7 — X5 be a Borel measurable selection function for F, a
function satisfying f(z) € F'(z) for all x € X;. Then 65 : X; — P(X>) is a Markov
kernel supported by F'.

1.1. Lemma. If F : X; — X5 is a closed relation such that Dom(F) = Xq, i.e.
F~1(X3) = X, then there exists a Borel measurable selection function for F.

Proof. Let X3 C [0,1] denote the Cantor set. By Hocking and Young (1961),
Theorem 3.28, there exists a continuous map A from X3 onto the compact metric
space Xo. h™' o F is a closed relation from X; to Xs. Let f(z) = sup h™ (F(x)).
Since each A~ (F(z)) is nonempty and closed, f is a selection function for h=' o F.

f : X1 — R is upper semicontinuous and so is Borel measurable. f = ho f :
X1 — Xs is therefore a Borel measurable selection map for F. O
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For a closed relation F on X, Miller (1995) calls u invariant for F' if there exists
a Markov kernel x : X — P(X) such that

(1.5) |ky| C F(z) forall x € |u| and  p= k. (p).

We will then call u an invariants measure.

If FF = f is a continuous function on X, then §; is the unique Markov kernel
supported by f and (6¢).(p) = f«(1). So condition (1.5) specializes to the usual
notion of invariant measure when f is a map.

(3) If w12 is a measure on the product space X; X X, then the coordinate
projections m; : X1 xXo — X; (i = 1,2) induce the marginal measures p; = m;+ (p112)
(i=1,2).

For a closed relation F on X x X we will call p an invariants measure if there
exists p12 € P(X x X) such that

(1.6) lpiz| CF, s (pa2) = po= mox (p12).

If F = f is a continuous function then the restriction of m; to the subset f is a
homeomorphism with inverse given by grphy : X — X x X: grph¢(z) = (z, f(z)).
The unique measure g2 on X x X with support in f and satisfying 71+ (u12) = p
is (grphy)«(p). Since mp o grphy = f, mo-(grphy). (1) = fi(u). So again (1.6)
specializes to the proper notion.

(4) Let X% denote the set of bi-infinite sequences in X regarded as functions
of Z to X. With the product topology it is compact. Let 79 : X% — X be the
projection mo(£) = &. The shift homeomorphism s : X% — X% is defined by

(17) S(f)l = €i+1, 1€ Z.

For a closed relation F' on X we denote by Xg the sample path space for F,
{€: &1 € F(&) foralli € Z}, a closed, s invariant subset of X%. So s restricts
to a homeomorphism on X g, which we denote sp. The measures on Xg are called
sample path measures. So v € P(X%) is a sample path measure when |v| C Xp.
Such a measure is called an invariant sample path measure when it is s invariant
or, equivalently, when it is sy invariant regarded as a measure on Xp.

We will call p € P(X) an invarianty measure for F if there exists an invariant
sample path measure which projects to u via mp : X% — X, mo(€) = &. That is,
there exists v € P(X?%) such that

V| C Xp, s.(v)=v
(1.8) and
7o+ (V) = p.

If FF = f is a homeomorphism on X then my restricts to a homeomorphism of
Xy to X inducing a conjugacy of sy with f. So pis f invariant on X exactly when
it is the image of an s invariant measure under the conjugacy .

The image of the map 7y : X — X need not be all of X. We pause to describe
this subset.

Call a relation F' on X surjective if F(X) = X = F~}(X) or, equivalently, if
Dom(F~!) = X = Dom(F). For any subset B of X the restriction of F to B,
denoted Fg, is defined by Fg = FN (B x B). A subset B will be called a surjective
subset when F'p is a surjective relation on B. Thus, B is a surjective subset exactly
when

(1.9) BC F(B)nF~'(B).
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1.2. Lemma. For a closed relation F on X let mg : Xp — X be the projection
from the sample path space,

(1.10) mo(Xp) = (] F(X).
nez

We call this subset the dynamic domain of F. mo(Xp) is a surjective subset of
X, and if B is any surjective subset of X then B C wo(Xp). In particular, F is
a surjective relation iff X = mo(Xp) and so iff the projection mo : Xp — X is
surjective.

Proof. Since sp is bijective on X and the coordinate n projection 7, is m(sp)™
for every integer n, we clearly have

(1.11) n(Xp) =m(Xp) forall neZ.

This implies mo(Xr) satisfies (1.9) and so is a surjective subset. By induction
onn =1,2,... we see that B C F"(X) N F~"(X) for any surjective subset B,
and so any surjective subset is contained in (), .4 F™(X). Finally, if = is in this
intersection, then for each positive integer m, {£ : & = z and &;41 € F(§;) for
li| < m} is a nonempty compact subset of X%. The intersection of this decreasing
sequence is 7 ' () N X, which is therefore nonempty. Thus, equation (1.10) holds
and 7o(Xr) is the maximum surjective subset. In particular, the entire space X is
a surjective subset, i.e. F is surjective, iff X = mo(Xp). |

In Section 2 we will consider the case where X is finite. The general equivalence
uses the finite space results, which also have a nice geometrical representation using
directed graphs. Furthermore, the finite “pixel” approximations to the space leads
us to consider relations even when the original F' = f was a homeomorphism. In
Section 3 we complete the general proof of the equivalence.

Since map results project from sp on Xp to F' on X, it is useful to compare
these as dynamical systems. In Section 4 we consider the chain relations. The set of
maximal chain transitive subsets of X, the basic sets for sp, is mapped bijectively
by my onto the set of basic sets for F. That is, each sp basic set maps onto an F
basic set via 7, and each F' basic set is the image of a unique sy basic set.

Finally, in Section 5 we apply these results to show that every invariant measure
supported on a basic set can be € approximated by the finite measures associated
with periodic € chains, for arbitrarily small €, and can also be expressed as the limit
measures of asymptotic chains. The proof uses the embedding of X in X% even
in the case when F' = f is a homeomorphism.

We conclude by introducing the particular metrics on P(X) and X% which we
will use. On P(X) the Hutchinson metric is given by

(1.12) d(ur, 2) = sup / w(a)pn (d) — / w(@)pn(dr)},

where the sup is taken over all real-valued functions u with Lipschitz constant
< 1. Then ¢ is an isometric embedding of X into P(X), and if f : X; — Xs is
Lipschitz then f. : P(X;) — P(X32) is Lipschitz with the same Lipschitz constant
(see Hutchinson (1981) and Akin (1993), Exercise 8.16).

On the product X% we define

(1.13) d(&,n) = sup{min(d(&;, n;), 1/|i|) : i € Z},
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where min(d, 1/0) = d by convention. It is not hard to show that d is a metric on
X7 yielding the product topology, and, for € > 0,

(1.14) d¢,n) <e<ed(&,n) <eforallist. |i] <1/e.

In particular, the projection map mg : X% — X is distance nonincreasing, i.e. it is
Lipschitz with Lipschitz constant = 1. Thus, the same is true for o« : P(X%) —
P(X).

2. FINITE SPACES

When X is a finite set we can represent a relation F' C X x X as a directed graph
with vertices the points of X and an edge from x to y exactly when (z,y) € F.
Then the characteristic function y g is a 0 - 1 square matrix.

A measure 12 on F' can be regarded as a real valued function on X x X satisfying

(2.1) 0<p2 < xr, Z pz(z,y) =1,
(z,y)eX xX

i.e. a probability distribution on the edges of the graph. The marginal measures
w1 and po induced by w12 are the distributions on the set of vertices X given by

p@) = po(z,y) = Y malz,y),

(2 2) yeX yEF (x)
p2(y) = Z pi2(z,y) = Z p12(z,y),
zeX zeEF~1(y)

where the empty sum is 0 by convention. Thus, p1(z) is the probability that an
edge begins at x and ps(y) is the probability that an edge ends at y. The associated
Markov kernel is the conditional distribution on the terminal vertices assuming the
initial one:

p12(,y)
(23 haly) = ,
p1 ()
a distribution well defined when p;(x) > 0, which is then supported on F(z). For
x & |u1], i.e. p1(x) =0, we choose K, to be an arbitrary distribution on X. Notice
that if, for some z, F(z) = 0, i.e. no edge begins at x, then k, cannot be chosen
supported by F. But we do have

(24) k| C F(z) for x€|ml,  paly) =Y waly)m(@).

Conversely, if ¢1; and po are distributions on X and « is a Markov kernel, then
we obtain the associated distribution on X x X:

(2.5) p2(x,y) = ke (y)pa ().

If x satisfies (2.4), then the marginals of p12 are g1 and ug and the support of w19
is contained in F'.

In particular, a distribution p on X is an invariants measure for F', i.e. there
exists p1o satisfying (2.1) with g1 = pu = o, iff there is a Markov kernel « satisfying
(2.4) with g1 = pu = po and so iff p is invariants for F'.

From w12 on X x X, supported by F' and with common marginals u, we can
define a measure v on X% with support Xr and such that s, (v) = v. For integers
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a, b with a < b and a sequence {z; : a < < b} in X we define v on the associated
cylinder set by

[z 2 (i, wis1)

H?;;J,-l :u(xl) ’
where the empty product is 1. Clearly, (7 n41)« (V) = p12 for any integer n, where
Tnni1 1S the projection from X% to X x X via the n and n + 1 coordinates.
Hence mp«(v) = p, and because pia(z,y) = 0 unless (z,y) € F it follows that v
is supported by Xp. Obviously s.(v) = v, and so v is an invariant sample path
measure.

Conversely, if v is an invariant sample path measure such that mp-(v) = p and
SO T (V) = p, then (mp, nt1)«(¥) = p12 satisfies (2.1) and (2.2) with g1 = p = pe.
Thus, p is invarianty for F iff it is invariantg for F'.

Finally, the equivalence of the invariant; and invariants conditions is a special
case of the following theorem of Brualdi (1968).

(2.6) v({¢e X% g =aifora<i<b})=

2.1. Theorem. Let X1 and Xo be nonempty finite sets and let F' be a subset of
the product X1 x Xa. Let p; be a distribution on X; for i = 1,2. There ezists a
distribution p12 on X1 X Xo supported by F' and with marginals p1 and pe iff for
all subsets B of Xo, ps(B) < u1(F~Y(B)), that is, if A1 D F~1(Ay) for subsets A;
of X; (i=1,2) then

(2.7) Z pa(y) < Z pa ().

yEAs r€A

Proof. Necessity of (2.7) is easy (see the general proof of (3) = (1) in Theorem 3.1
below). We prove sufficiency using Theorem 2.6 of Gale (1960), a separation the-
orem which says that for an m x n matrix A and 1 X n row vector b either the
equation cA = b has a nonnegative 1 X m row vector solution ¢, or for some n x 1
column vector d, Ad is nonnegative while bd < 0.

Using F' to index the rows and disjoint copies of X; and X5 to index the columns
we define

0 otherwise,

b — ui(z) for z € Xy,
i pa(z) for z € Xo.

1 ifz=zo0rz=y,
Aay)z = {
(2.8)

The required distribution p19 is exactly a nonnegative solution ¢ of the equation
cA = b. We prove it exists by showing that Ad nonnegative implies bd > 0.

A vector d such that Ad is nonnegative satisfies d, +d, > 0 whenever (z,y) € F.
Choose a positive constant k large enough that for all x € X;, y € Xa:

(2.9) ui(z) =dy + k>0, us(y) = —dy + k> 0.

Thus, u; is a positive real valued function on X; for i = 1,2, and Ad nonnegative
implies

(2.10) u1(z) > uz(y) whenever (z,y) € F.
For any € > 0, (2.10) implies
(2.11) {ug > €} D F ' ({uz > €})
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where {u; > €} ={z € X, : u;(2) > €} (i = 1,2). Thus, condition (2.7) implies
(2.12) pi({ur = €}) = po({uz > €}).

Now let 0 < ¢ < €1 < ... < ey list all the values of u; and us in ascending order.
Define g = ¢g and §; = ¢; —¢;_1 fori=1,... ,N. Then

N
Zul(fﬂ)ﬂl(x) Z 61#1 {Ul = 61 Z Z(Sgul {Ul = 61})
T i=0 1=0 5=0
N N N
(2.13) =33 Gimm =a}) =D Gm({ur > ¢})
J=01i=j Jj=0
>Z ita({us >¢€;}) = Zuz y)p2(y
3=0
Since p; is a distribution it follows that ). ku;(2) =k (i = 1,2), and so (2.13) and
(2.9) imply bd > 0. O

The finite case provides a useful tool for studying dynamical systems on arbitrary
spaces. Consider for a compact, metric space X a partition into finitely many sets,
or equivalently, let £ C X x X be an equivalence relation with a finite number
of distinct equivalence classes. We will call such a relation a finite equivalence
relation. Let X/E = {E(z) : x € X} be the finite set of equivalence classes, with
7 : X — X/E the projection map associating to x € X its class E(x).

We will call E a Borel equivalence relation when E is a Borel subset of X x X.
Letting i, : X — X x X be the inclusion given by i,(y) = (z,y), we see that
E(x) = (i)~ (E) is Borel when E is Borel. Conversely, a finite equivalence relation
E=U{E(z) x E(z) : z € X} is Borel when each equivalence class is Borel. Thus,
FE is Borel exactly when 7 is Borel measurable.

For a finite equivalence relation E the mesh of E is the maximum of the diameters
of the equivalence classes of F.

2.2. Lemma. Let E be a finite, Borel equivalence relation on X with mesh < e.
If p1, pe € P(X) satisfy (mr)«(p1) = (7g)«(u2) in P(X/E), then the Hutchinson
distance d(u1, o) is at most 2e.

Proof. Let pg = (7g)«(11) = (mE)«(u2) and let u be a real valued map on X with
Lipschitz constant at most 1. Since the diameter of F(x) is at most €, we have for
y € E(x)

(2.14) u(z) — e < u(y) < u(x) +e

If up(E(x)) (= pi(E(z)) for i = 1,2) is positive, then we can define the conditional
expectations (for i = 1,2):

1
(215) BB@) = s [ wlwnta)
and get from (2.14)
(2.16) u(z) — e < E;j(u|E(z)) <u(z) +e¢,
and so for every class F(x) of positive measure we have

(2.17) Ei(ulE(x)) — Ea(u|E(z)) < 2e.
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Multiply by pg(E(x)) and sum over X/E to get

(2.18) /u(a:),ul(da:) — /u(:c)ug(dx) < 2e.
By the definition (1.12) of the Hutchinson metric we see that d(uq, pu2) < 2. O

A section is a choice function for the equivalence classes, i.e. amapw : X/E — X
such that 7 ow = 1x/p. So if ug is any measure on X/F, then

(2.19) (7E)swi(WE) = 1E,

where

(2.20) welpp) = Y 1e(A)du(a)-
AEX/E

That is, w.«(ug) is the weighted average of the point measures d,,(4) with weights
pe(A).

Now let F' be a relation from X; to X5 and F; be a finite equivalence relation
on X; (i = 1,2). Let E; x E5 denote the equivalence relation on X; X X5 such that
(E1 x Es)(z,y) = F1(x) x FEx(y) and so that the projection 7g, « g, is identified
with 7, X 7g,. Define Fg = (7g, X 7g, )(F), a relation from X;/F; to Xo/Es, so
that
(Er(z), E2(y)) € Fig

& (Bu(z) x Ex(y) N F #0
& F(Ei(x))NEa(y) #0
& Bi(z) N FH(E(y)) # 0.

If F is a closed relation and pu12 satisfies |p12| C F then piog = (g, X 7w, )« (112)
is a measure on (X;1/F) x (Xo/E2) with |p12p| C FE.

We call a section w : X1 /Fy X Xo/FEy — X1 X Xo adapted to F if w maps Fg to
Fiie.

(2.22) (Er(2), B2(2)) € Fp = w(Ei(z), Ba(z)) € F.

By (2.21) such sections always exist. If p125 is a measure on (X1/FE;) X (Xao/E>2)
which is supported by F and if w is a section adapted to F, then w,(ui2g) is a
measure on X7 X Xs supported by F'.

(2.21)

3. INVARIANT MEASURES

3.1. Theorem. For compact metric spaces X1, Xs let FF C X1 x X5 be a closed
relation. For a pair of measures (1, pe) € P(X1) x P(X2) the following conditions
are equivalent,

(1) For every Borel set Ay C Xa:

(3.1) pa(As) < pn(F~1(Ag)).

(2) There exists a function k: X1 — P(Xa) such that for every Borel set Ay C
Xo the function k. (As) is a Borel measurable function of x € X,

(3.2) Jia(As) = /X bra (Ao (dt),

and for each x in the support of 1, the measure K, is supported by F(z), i.e.
(3.3) |ke| C F(x)  for all x € |p1].
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(8) There exists a measure 12 € P(X1 x X3) which projects to p; via m; :
X1 x Xo— X; (i=1,2), i.e. for every Borel subset A1 C X; and As C Xo,

pi(Ar) = pia(Ar x Xa),

(3.4) p2(Az) = pi2(X1 x Az),
and the measure 12 is supported by F, i.e.
(3.5) lpz| C F.

Let F. denote the set of pairs (p1,pu2) which satisfy these conditions. Fi is a
closed relation, i.e. a closed subset of P(X1) X P(X2) whose domain satisfies

(3.6) Dom(Fy) = {p1 € P(X1) : |p1| C Dom(F)}.
Furthermore, for the inverse relation F~1 C Xy x X1,
(3.7) (FY). = (F.)",

If FF: X1 — X5 is a continuous map, then Fy is the induced continuous map
from P(X1) to P(X3).

Proof. (2) = (3): Given pu; € P(X1) and a Markov kernel x : X; — P(X3), define
12 € P(X71 x X3) on product sets by

(38) ,LL12(A1 X AQ) 2/ K,m(AQ)ILLl (d{l))

1

For u a real, bounded, measurable function on X; x Xo

(3.9) /X  ulw)ade.y) = / ( /X ul(, y)ra (dy)) s (d).

b's
Clearly, p12(A1 X X2) = p1(A;) in any case, and (3.2) implies p12(X7 x Ag) =
t2(As). To prove |ui2| C F it suffices to show that when a continuous function u
vanishes on F' its integral, given by (3.9), is zero. For z fixed in |u1|, u(z,y) =0
for y € F(x). Because |ky| C F(z) we have, for z € |u1],

(3.10) [ i) = [ utae(n) o

F(x)

But the outer integral in (3.9) is unchanged if we restrict the range of integration
from X7 to |p1]. So by (3.10) the integral in (3.9) is zero.

(3) = (2): Because u12 is a measure on a separable metric space there exists
a regular conditional distribution for the o algebra of subsets B; = {n] *(4;) =
Ay x Xg: Ay C X1 Borel} (see, e.g., Gihman and Skorohod (1974), Theorem 1.3.3).
This is a B; measurable Markov kernel & : X7 x Xo — P(X; x X3) such that for
A; C X1 Borel and v : X7 x X2 — R bounded and Borel measurable we have

/A  ulw)adle.y)
(3.11) 12

A1 xXo JX1x X2

We can fix y = yo € X» todefine s : X1 — P(X3) by iz = (72)4F(4,y,). Because & is
B1 measurable and 71+ (p12) = p1, (3.8) follows from (3.11) with u the characteristic
function of X7 x As. With A; = X; (3.2) follows because max (p12) = po. If Uy x Us
is open in X3 x X» and disjoint from F, then u12(U; x Usz) = 0, and so from (3.8)
ke(Us2) = 0 for py almost every x € Uy. By letting Uy and Us vary over countable
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bases for the topologies we can obtain a Borel set N of u; measure zero such that for
x & N, |kg| C F(z). Because |12 C F it follows that |u1| = |71+ (p12)] C m(F) =
Dom(F). Use Lemma 1.1 to construct f : Dom(F) — X5, a Borel selection function
for F, and replace kg, by ;) for all . € N N |u1|. Condition (3.3) then holds for
the adjusted function k.

(3) = (1): If Ay C X5 is Borel, then F'N (X3 x Az) is a Borel subset of X7 x X5
and its image under 7 is F~1(Ay). Thus, the latter set, while not necessarily
Borel, is analytic and so is measurable with respect to any Borel measure on Xj.
So u1(F~1(Asg)) is always defined for A, C X5 Borel.

If p12 € P(X;1 x X5) satisfies the conditions of (3), then, because |u12| C F,
(3.12) p2(Az) = p12(X1 x Az) = p12((X1 x A2) N F)
. < 2(F7H(A2) x Xa) = i (F~H(A2)),

proving (3.1).

(1) = (3): Fix e > 0 and for ¢ = 1,2 choose E; a finite equivalence relation
on X; with mesh at most e. As in Section 2 we let Fg denote (7g, X 7g,)(F) C
(X1/E1)x (Xa/E3). Let v; = (7, )«(ui) (i = 1,2). Choose a section w : (X1/FE7) X
(X2/E3) — X1 x X5 which is adapted to F.

For By C XQ/EQ,

(3.13)
(me,) " (Fg ' (B2)) = By(F~ ' ((mp,) ™' (B2))) D F~ ' ((mE,) ™' (B2)).

Consequently, (3.1) implies
va(Ba) = pa((mp,) " (B2)) < (™ ((mE,) ™ (B2)))

< m((me,) H(Fg'(B2))) = vi(Fg ' (B2)).
Thus, condition (2.7) holds for the pair (v1,v2) € P(X1/E1) x P(X2/E>2).

Now we apply Brualdi’s Theorem, Theorem 2.1, to Fr and obtain a measure vq2
on (X1/FE71) x (X2/E3) which satisfies

|v12| C FE,
7Ti*(V12) =V (’L: 1,2)

(3.14)

(3.15)

Use the section w to define the finite measure pp = (w)«(r12) on X7 x X5. Because
w is adapted to I’ and vq9 is supported by Fpg, it follows that pg is supported by
F. Also, m;o(mp, X mg,) =g, om; : X1 X Xo — X;/E; (i =1,2), and so we have

lue| C F,
(3.16) (e )« (mi)«(pe) = vi = (7B, )« (1) (i =1,2).
Apply Lemma 2.2. Because the mesh of F; is at most €,
(3.17) d(pi, (mi)+(pp)) < 26 (i =1,2).

Now vary € and let p12 be a limit point in P(X; x X3) of the ug’s as € — 0.
From (3.16) the limit measure is supported by F, and (3.17) implies (7; )« (p12) = p
(i =1,2). Thus, (3.4) and (3.5) of (3) hold.

This completes the proof of the equivalence.

The set of measures on X; x X5 supported by the closed set F' is closed in
P(X; x X2) (e.g. by Akin (1993), Proposition 8.1, the relation p — |u| is lower
semicontinuous). So by compactness and (3) the image of this set under m+ X 7o is
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closed in P(X7) x P(X32). Clearly, |p12| C F implies |p1] = |m14(p12)] C Dom(F) =
w1 (F). Conversely, if |u1| € Dom(F), let f : Dom(F) — X5 be a measurable
selection function for F; k, = d¢(,) satisfies (3.3), and so, with o defined by (3.2),
(1, u2) is in Fy by (2).

Equation (3.7) is clear from (3), and the case when F is a continuous map was
analyzed in Section 1. O

3.2. Theorem. Let FF C X x X be a closed relation on a compact metric space
X. A measure pp € P(X) is called an invariant measure for F' when it satisfies the
following equivalent conditions.

(1) For every Borel set A C X

(3.18) u(A) < u(F~1(A)).
(2) There exists a Markov kernel k : X — P(X) satisfying
(3.19) x € |p| = |ks| C F(x)
and
(3.20) = r ().
(3) There exists a measure fi € P(X x X) satisfying
(3.21) i c F
and
(3.22) p= (1)« (i) = (m2)« ().

(4) There exists a measure v in P(X?%) which is invariant with respect to the
shift homeomorphism s on X% and satisfying, with Xp the sample path space for
F,

(3.23) lv| C Xp
and
(3.24) 1= (7o) (v).

The set Pp(X) of F invariant measures is compact and convezx in P(X). It is
nonempty if and only if X is nonempty and so if and only if the dynamic domain
mo(X ) is nonempty. In general, if u € Pr(X) then

(325) |,u| C 7T0(XF).

Proof. By Theorem 3.1 each of the first three conditions is equivalent to (u, 1) € Fi.
(4) = (3): Define 1 € P(X x X) by
(3.26) fi = (m0,1)«(v).
Condition (3.22) then follows from (3.24) and shift invariance. Since the set
(m0.1) (X x X\F) is open and disjoint from Xpg, (3.23) implies this set has v
measure 0, and so fi is supported by F.
(2) = (4): Let u' = p on P(X') and inductively use p” € P(X™) and X" ™
X 5 P(X) to define p"+' € P(X™*1) via (3.8). Applying the Kolmogorov Product
Theorem to this sequence of measures, we obtain from the Markov kernel x and

the stationary measure p the associated sample path measure v. The resulting
measure is clearly shift invariant and satisfies (3.24). By the proof of (2) = (3) in
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Theorem 3.1, (X x X\F) = 0. Since X?\Xp = J;cz{(mi,i41) (X x X\F)} we
see that the complement of X has v measure 0, i.e. (3.23) holds.

The set of sp invariant measures in P(X r) is compact and convex and nonempty—
by the Krylov-Bogolyubov Theorem—when X g is nonempty. So its image under
mo+ satisfies the same properties. The inclusion (3.25) follows from (3.23) and
(3.24). |

For € > 0 call p € P(X) an € invariant measure for the closed relation F' on
X if there exists (u1, pu2) € Fi such that d(u;, n) < € for i = 1,2. So an invariant
measure is exactly a 0 invariant measure. If (u1,p2) € Fi with d(ui, p2) < e,
then p1 and ps are both e invariant measures. If p’ is an invariant measure and
d(p', 1) <€, then p is an € invariant measure. On the other hand,

3.3. Lemma. Let F be a closed relation on X. For every € > 0 there exists €, > 0
so that if u is an €1 invariant measure then there exists an invariant measure p'
such that d(p/, 1) < e.

Proof. The set of e¢; invariant measures is a closed and hence compact subset of
P(X). As €; decreases to 0 the sets decrease toward the set of invariant measures,
and so are eventually contained in its € neighborhood. O

From the proof of Theorem 3.1 we extract some useful information about the
pixel approximation.

3.4. Theorem. Let E be a finite Borel equivalence relation on X with mesh < €/2.
Let mp : X — X/E be the projection to the set of equivalence classes. Assume
w:X/E — X is a section, i.e. Tgow = 1x/g. For a closed relation F on X, let
Fr = (rg x ng)(F) be the induced relation on the finite set X/E.

(a) For pu a measure on X, let up = ()« (1) If o = wi(ug), then (rg) s (pw) =
we as well, and

(3.27) d(p, po) < €.

If v is an F invariant measure, then pg is an Fg invariant measure.
(b) For ug a measure on X/E let p, = w«(pg). If ug is an Fg invariant
measure, then p,, is an € invariant measure for F with (7g)«(tw) = pEe.

Proof. mg ow = 1y, implies mg+(u,) = pr. So Lemma 2.2 implies (3.27).

If i € P(X x X) is supported by F with (m;).«(z) = p for ¢ = 1,2, then
fig = (e X 7E)« (1) € P((X/E)x (X/E))is supported by Fg with (). (fir) = pe
for i = 1,2. So p F invariant implies pg = (7g)«(u) is Fg invariant, proving (a).

Let ' : (X/E)x (X/E) — X x X be a section of g x g which is adapted to F'.
If ip € P((X/E) x (X/E)) with (m;)«(ftp) = pg for i = 1,2, then fi, = (W)« (iig)
is supported by F. So if p, = (7))« (fiw) (1 = 1,2), then (u1w, pow) € Fi. No two
of { 1w, tow, tw} need be equal, but we do have, for i = 1,2,

(3.2) (7)o (i) = (70)a (i) = iz = (7). (1)
By Lemma 2.2 we have d(u,, i) < € (i =1,2), and so p,, is € invariant. O
4. CHAIN RECURRENCE

Since F' invariant measures on X are the image under my of the sp invariant
sample path measures on Xp, it will be useful to relate the dynamics of sp on Xp
with F on X.
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For a closed relation F on X and € > 0, an € chain is a sequence {z;} indexed
by some subinterval I of Z such that

(4.1) d(xiy1, F(x;)) <e fori,i+1el.

Here I can be finite or infinite, but has length at least one, so that at least one
pair 4,7+ 1 lies in I. By compactness (4.1) says there exists z;+1 € F(z;) such that
d(xiy1,2i+1) < €. In particular, for a chain (= 0 chain) we have x;y1 € F(x;) for
i,i+ 1€ 1. A sequence {z; : i € I} is called an asymptotic chain if I is unbounded
on the right and

An € asymptotic chain is an asymptotic chain which is also an € chain. When [ = Z
we obtain points £ of X%, and so we speak of the points & of X% which are e chains,
asymptotic chains or € asymptotic chains. In particular, X is the set of 0 chains
in XZ.

If F is a surjective relation on X, i.e.
(4.3) F(X)=X=F1X),
then for any e chain {z; : i € I} there exists points £ € X% such that

&' =ux;, 1€1,

4.4
(4.4) &iv1 € F(&) unless d,i+1€l.

We will call such a point & an extension of {z; : i € I}.

The chain relation CF C X x X is defined by (z,y) € CF when for every € > 0
there exists an € chain {xo, ... ,2,} (0 < n < 00) such that g = z and z,, = y, i.e.
there is an € chain from x to y. CF is a closed, transitive relation containing F'.
A point z is called chain recurrent if (x,x) € CF. It is easy to see that z is chain
recurrent iff for every e > 0 there exists £ € X%, an ¢ chain with £, = = which is
periodic, i.e. &1, = & for some n > 0 and all ¢ € Z. The set of chain recurrent
points is denoted [CF|. It is a closed subset of X on which (CF) N (CF™!) is a
closed equivalence relation. The equivalence classes are called the basic sets for F'
(see Akin (1993), Chapters 1-3).

F is called chain transitive if CF' = X x X, i.e. every point is chain related to
every other. A closed subset A of X is called a chain transitive subset if the closed
relation Fy = FN(A X A) is a chain transitive relation on A. For example, by Akin
(1993), Theorem 4.5, any basic A for F' is a chain transitive subset.

4.1. Lemma. For a closed relation F on X

(4.5) CFl € () (CF)"(X) = mo(Xr).
nez

Any basic set for F' is a surjective subset. In fact,

(4.6) B=F(B)NnF(B)=(CF(B))N(CF~(B)).

Proof. Tt is easy to check that CF(X) = F(X) (see Akin (1993), Exercise 2.3e) and
so, for all n € Z, (CF)"(X) = F™(X). The equality in (4.5) follows from (1.10).
Clearly, x € CF(z) implies « € (CF)™(X) for all n.

A basic set B is a chain transitive subset, and so B = |C(Fg)|, where Fg =
F N (B x B) is the closed relation obtained by restricting to B. By (4.5) applied
to Fp we see that F’p is a surjective relation, and so B is a surjective subset. Since
F CCF wehave B C F(B)NF~Y(B) C (CF(B))N(CF~'(B)). On the other hand,



1216 WALTER MILLER AND ETHAN AKIN

if (z1,2), (x,22) € CF for 21,22 € B, then, because B is a basic set, (z2,21) € CF,
and so the three points x1,za, 2 are all CF equivalent. That is, z € B. So (4.6)
follows. 0

4.2. Lemma. (a) Assume € > 0 and n is a positive integer. There exists e; > 0
so that if {y; : i € [—k,k]} is an €1 chain with k < n, then there exists £ € Xp such
that d(y;,&) < € for all i € [—k, k].

(b) Assume {x; : i € [=1,1]} is a 0 chain, € > 0 and n is a positive integer.
There exists 1 > 0 so that if {y; : i € [—k,k|} is an €1 chain with | < k <n such
that y; = x; for all i € [—1,1], then there exists £ € Xp such that & = x; for all
i€ [=1,1] and d(y;,&) < € for all i € [—k, k].

Proof. (a) Let Xf s denote the set of § chains in X%. As § decreases to 0 this family
of compacta decreases to Xp. So there exists €; > 0 so that Xp ., is contained in
the open € = min(e, 1/n) neighborhood of Xp. Given an ¢; chain, {y; : i € [k, k|}
let ) be its extension in Xp.,. There exists £ € X such that d(n,{) < € and as
in (1.14) d(n;, &) < € for all i € [—n,n].

For (b) repeat the proof, intersecting Xp s, Xrp and Xp., with the closed set
{€e X% ¢ =, foralli € [—1,1]}. |

4.3. Theorem. Let F be a closed surjective relation on X, i.e. F(X) =X =
F~Y(X). Let sr be the shift homeomorphism on the sample path space X and
be the time zero projection of Xp onto X.

(a) For a point § € Xp the following conditions are equivalent:
(1) € is sp chain recurrent, i.e. £ € |Csp|.
(2) fz S CF(fH-l) fO’l‘ all i€ 7.
(3) There exists a basic set B for F such that & € B for all i € Z.
(b) For points £,m in |Csp| we have & € Csp(n) if and only if mo(§) € CF(mo(n)).

In general, Ty X w9 maps Csp onto CF, i.e.
(4.7) (mo x m0)(Csr) = CF.

(c) If B is a basic set for F then Xp, = Xr N B% is a basic set for sp mapping
onto B wvia mg. Fvery basic set for sp is constructed this way. Thus, m9 maps
distinct sp basic sets onto distinct F' basic sets and

(4.8) mo(|Csr|) = |CF.

(d) F is a chain transitive relation on X if and only if sp is a chain transitive
homeomorphism on Xpg.

Proof. If £ € Xp then & € F(&) and so mo(sp(&)) € F(mo(§)). With the metric on
X% given by (1.13) the map 7 is distance nonincreasing (by (1.14)), so the image
under 7y of an € chain for sp in Xg is an € chain for ' in X. In particular, we have

(49) (7T0 X FQ)(CSF) C CF.

So if two points in X are Csp equivalent then their images in X are CF equivalent.
It follows that for any sp basic set BcX F there is a unique F' basic set B C X
such that mo(B) C B.

Now we describe a construction we will call the lifting trick. Given € > 0,
choose an integer n > (1/¢) + 1. Given fixed 0 chains {z; : i € [-l1,11]} and

{y; : 7 € [~l2,12]} with l1,ls < n, choose €1 > 0 small enough to satisfy the
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conditions of Lemma 4.2a for €¢/2 and n and Lemma 4.2b for €/2, n and each of the
two 0 chains.
Now suppose € is an €; chain in X% such that for some integer N > I1 + Iy,

gi:xia 1€ _llalla
(4.10) = [0 4)
SitN = Yi, i € [~l2,la].
By Lemma 4.2 we can choose a sequence °, ... ,nY in X so that d(n¥, s*(¢);) <

e/2 fori € [-n,n], n) =& fori € [~l1,l1] and N = &4 N for i € [—la,l2].
Observe that for 0 <k < N and i € [-n,n — 1]

(4.11) d(sp(n®)s,nfT) < dnfy 1, ivn) + dF™, ivrgr)-
So, since n — 1 > 1/e, we have d(sr(n*),n**1) < e by (1.14). This says that
{n°,...,nN} is an € chain for sp connecting n° with n” satisfying
O .
N, = Ti, (S _llall 5
(4.12) L < b
m =y, i€ [l 1o

Now we prove the theorem.

(d) If sp is chain transitive, i.e. Csp = Xp x Xp, then (4.9) implies that
CF = X x X because F is surjective.

Conversely, assume F is chain transitive, ¢!,(?> € Xr and € > 0. We choose
n>(1/e)+1,andlet Iy = ls = n, z; = ¢} and y; = ¢? for i € [-n,n]. Since ¢} and
¢?,, € X and F is chain transitive, we can build a sequence ¢ so that & = ¢} for
i € [-n,n], and {&,, €11, -+, &} is an e chain for F in X with &, = ¢! and
fnym = 2, Let &uynryy = ¢, for j = 0,...,2n, and extend to get £ € XZ.
Then use the lifting trick construction, choosing 7° = ¢! and 7 = (2, where
N = 2n + M. We have constructed an e chain for sp from ¢! to (2. As € was
arbitrary it follows that ¢? € Csp(¢!), and so sp is chain transitive.

(a) (1) = (3): If B is an sp basic set then by (4.9) there is a basic set B for F
such that mo(B) C B. For a map (though not in general for a closed relation) any
basic set is invariant (see Akin (1993), Corollary 4.11). So & € B implies s%(¢) € B
for all k € Z. Hence & = mo(s%.(¢)) € B for all k € Z.

(3) = (1): On the basic set B the closed relation Fp is chain transitive. By
(4.6), part (d) proved above applies to Fg, and so s restricted to Xp, is chain
transitive. Furthermore, mo(Xp,) = B. Since (§;,&i+1) € FN (B x B) = Fp for
all i € Z, £ € Xp,. Every point of Xp, is chain recurrent because X, is a chain
transitive subset.

(3) = (2): Obvious.

(2) = (3): &41 € F(&) and F C CF. So, by assumption of (2), & and &1
are CF' equivalent for all i. As CF is transitive, this means that all the £;’s are CF
equivalent to one another, and so lie in some common F' basic set.

(c) If B is an F basic set then, as above, Xr, = Xr N B% is a chain transitive
subset mapping onto B. So it is entirely contained in some sp basic set B. But
maps B into some F basic set. As distinct basic sets are disjoint, it must be that
m0(B) € B. Then B C X N BZ, and so we have

(4.13) B=XrNB%=Xp,

is a basic set mapping onto B. Any other basic set mapping into B is contained in
X N BZ by part (a), and so equals B because distinct basic sets are disjoint.
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Thus, my maps distinct basic sets of sp to distinct basic sets of F, and (4.8)
holds.

(b) If £ € Csp(n), then mo(€) € CF(mo(n)) by (4.9). If £, n € |Csp|, then by (a)
all the &;’s lie in some common basic set By and all the 7;’s lie in some common
basic set By. If §y € CF (1) then for all ¢, j € Z we have &; € CF(n;) by transitivity
of the relation CF. So for any €¢; > 0 and positive integer n we can connect 1, to
¢_, via an €; chain. Then, as in the proof of (d), use the lifting trick to connect n
to £ via an e chain for sp. In general, if y € CF(x) then we can connect x to y by
an €1 chain and use the lifting trick again, this time with {; =l = 0, to get an €
chain for {n°,... , 7"} for sp such that nJ = = and 7}’ = y. This proves (4.7). O

For any continuous map f on X the omega limit point set of z € X, wf(z), is
the set of limit points of the orbit sequence {f*(x): k=0,1,...}.

4.4. Corollary. Let & € X% be an asymptotic chain for a closed surjective relation
F oon X,

(4.14) Limy_ood(s¥(€), Xp) = 0.

The limit point set ws(§) is an sp chain transitive subset of X and so is contained
in some sg basic set. The image mo(ws(&)) is the set of limit points of the sequence
{&:k=0,1,...} in X. It is an F chain transitive subset of X and so is contained
i some F' basic set.

Proof. Given ¢ > 0, choose n > 1/e and then ¢; > 0 to satisfy the condition of
Lemma 4.2a. Because ¢ is an asymptotic chain, there exists N € Z such that
d(&i11, F(&)) < e for i > N. Hence, for k > N +n, {s¥(¢); : i € [-n,n]} is an ¢
chain in X for F. By Lemma 4.2a there is n* € X such that d(s*(&);,nF) < € for
i € [-n,n], and so d(s*(£),XF) < € for all k > N by (1.14). This proves (4.14),
which implies ws(§) € Xp. By Akin (1993), Proposition 4.14, ws(§) is a chain
transitive subset of X?%. Since it is in fact a subset of Xz on which s = sp, it
follows that ws() is contained in some basic set for sp in Xp. By compactness
the image under 7y of the limit point set of the sequence {s*(¢)} is the limit point
set of the sequence {&; = mo(s*(€))}. By (4.9) mo(ws(€)) is an F chain transitive
subset of X and so is contained in an F' basic set. O

To apply all these results when the closed relation F' is not surjective we restrict
to the dynamic domain mo(Xr). By Lemma 1.2, 70(Xr) = (,,cz F"(X) and the
restriction Fr(x,) is a surjective relation on mo(Xr). Furthermore, by (4.5) and
Lemma 1.2, applied to CF, |CF| C mo(XF) and

(415) 7T0(XF) :CF(Wo(XF))ﬁCF_l(Wo(XF)).
From Theorem 4.5 of Akin (1993) it follows that
(416) C(FTI'O(XF)) = (CF)TI'Q(XF) = (CF) n (7T0(XF) X 7T0(XF)).

We conclude this section by observing that, while chain transitivity for sy and
for F' are equivalent, the same is not true for other related ideas.

Let f be a topologically transitive homeomorphism on a space X. Suppose
that f has a unique proper minimal subset, a fixed point e € X. For example,
the stopped torus map described in Chapter 9 of Akin (1993) is such a map. Let
F = fu{e} x X. The only closed subsets A of X such that F(A) C A are () and X.
So F'is a “minimal” relation. The sample path space X consists of X; together
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with sequences ¢ € X% such that for some n € Z we have & = e for all i < n
and &4+1 = f(&) for all i > n. For any £ € Xp the limit point sets wsp(§) and
w(s}l)(é) are contained in Xy, and so the orbit of £ is not dense in Xp. Thus, sp
is not even topologically transitive.

5. APPROXIMATING INVARIANT MEASURES
We relate chains to invariant measures, first defining for any finite sequence
{zo,... ,2p—1} in X the finite measure

1 n—1

(5.1) o(20s - Tp_1) = EZ&“'

Recall that 1 € P(X) is called an € invariant measure for F' if there exists (p1, u2) €
F, such that d(p1, 1), d(usa, 1) < e.

5.1. Lemma. If {zg,... ,z,} is an € chain for F, then o(xo,... ,Zn—1) is an (e+
%d(xo, Zn)) tnvariant measure for F. In particular, if xg = x,, then o(xg, ... ,Tp-1)
is an € invariant measure for F.

Proof. There exists {z1,...,2,} such that z41 € F(z;) and d(zi41,241) < €
for i = 0,...,n — 1. So the pairs (0s,,0,,,) € Fi and d(d.,,,,0s,,,) < € for
i =0,...,n— 1. By convexity of F, and convexity properties of the Hutchinson

metric we have

(5.2) (o(xoy.-- ,Tn=1),0(21,-.. ,2n)) € Fy
and
(5.3) dlo(z1, ... ,2n),0(x1,... ,2,)) <€

On the other hand, by definition of the Hutchinson metric

1 1
(5.4) d(o(zg, ... yxp_1),0(X1,...,2Tpn)) = Ed((szo,émn) = ﬁd(xo,xn).
So the result follows from (5.3) and (5.4) by the triangle inequality. O

If f is a continuous map on X, we define
1 n—1
(5.5) onlz, f) = oz, flx),..., ")) = - > 65i(a)-
i=0

By Lemma 5.1, 0, (, f) is a 2d(z, f"(z)) invariant measure for f. The set of limit
points of the sequence {o,(z, f) : n = 1,2,...} in P(X) is denoted M (z, f). Tt
is a nonempty, compact connected set of invariant measures for f, all of whose
supports lie in the omega set wf(x) (see, e.g., Akin (1993), Propositions 8.3 and
8.8). We call x a convergence point for f when M (x, f) consists of a single measure,
then denoted .. So x is a convergence point exactly when the sequence {0, (z, f)}
converges in P(X). The limit is then p,. For example, if z is a periodic point then
it is a convergence point. In fact,

(5.6) (@) =2 = po =onl(z, f).
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5.2. Lemma. Let {zg,... ,2n_1} and {yo,... ,yn—1} be sequences in X and let
e > 0. Assume there is an injection g : {0,... ,n—1} — {0,... ,N — 1} such that

(57) d(aj’tayg(l)) < %a ZZO) ,Tl—l,

and that with D the diameter of the space P(X), with respect to the Hutchinson
metric,

N —n €
. -D < —.
(5.8) N <3
Then we have
(5.9) d(o(xoy . yTn-1),0Yo,--. ,yn—1)) < €.

Proof. Let 6 = o(yg0)s- -+ »Ygn—1)) € P(X). From (5.7) we have

d(U(iL'O’ s 7xn—1)7&) <

[N e

Now call the image set of g in {0,... , N — 1} the set of good values and the rest of
{0,...,N — 1} the set of bad values. Clearly,

1 -
(5.10) (Yo, yv-1) = 7 > by, +nd).
7 bad

If we replace each d,, (j bad) by & we change the right side to &. Hence,

. 1 .
(511) d(070(907-~- 1yN—1)) < N Z d(075.7!j)7
7 bad
which is less than § by (5.8). From the triangle inequality, (5.9) follows. |

5.3. Theorem. Assume that the closed relation F' on X is chain transitive, i.e.
CF=XxX. Letx € X. Let Xp be the sample path space with sp the restriction
to X of the shift homeomorphism s on XZ.

(a) For a measure v € P(X%) the following conditions are equivalent:

(1) v is an invariant sample path measure, i.e. |v| C Xp and sp-(v) = v.

(2) There exists £ € X%, an asymptotic chain for F, such that £ is a convergence
point for the shift s and pe = v.

(3) For every e > 0 there exists ¢ € X%, a periodic € chain for F, such that
& =z and d(pe,v) <e.

(4) For every e > 0 and positive integer N there exist ¢ € X%, an e chain for F,
and n > N such that d(oy (€, s),v) <e.

(b) For a measure p € P(X) the following conditions are equivalent:

(1) p is an invariant measure for F, i.e. p € Pp(X).

(2) There exists £ € X%, an asymptotic chain for F, such that

n= Limn—»ooa(éba cee 7511—1)'

(8) For every € > 0, there exists an € chain {xo,... ,x,} for F with xg = x, = x
and such that d(o(xg, ..., Tn-1), 1) < €.
(4) For every € > 0 and positive integer N there exists an € chain {xo,... ,xn}

with n > N and such that d(o(zg,... ,Tn-1),1) < €.
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Proof. Notice first that since all of X consists of a single F basic set, F(X) =X =
F~1(X) by Lemma 4.1.

(a) We prove first that conditions (2), (3) and (4) are equivalent, and then that
the set of measures satisfying these conditions is exactly the sp invariant measures
on XF.

(2) = (4): Let £ be an asymptotic chain which is a convergence point for s with
te = v. Given e > 0, there exists Ny such that d(&;11, F'(&;)) < € for i > Ny. Thus,
{& i > Np} is an € chain for F. Let n € XZ be an extension of this sequence, i.e.
n; =& for i > Ny and n; € F(n;—1) for i < Np. Then 7 is an € asymptotic chain
for F, and, since n; = §; for ¢ > Np,

(5.12) Limy,— oo d(s" (1), 5" (€)) = 0,
i.e. the orbit sequences for £ and 7 are asymptotic in X%. It easily follows that
(5.13) Limy—ood(ok(n, 5), 0%(§, 8)) = 0,

and so n is a convergence point for s with u, = pe = v. Since the sequence
{on(n,s)} converges to v, condition (4) is clear.

(4) = (3): Given e > 0, we can use compactness and F(X) = X to choose a
finite subset K such that K and F(K) are € dense subsets of X, i.e. for every y € X
there exist zg, 21 € K such that d(zo,y) < € and d(Z1,y) < € for some Z; € F(z1).
For each point z of K choose an € chain from z to x and an € chain from z to z,
and let L be the maximum of the lengths of these chains. Let D be the diameter
of P(X?%). Choose positive integers Ny and N; so that

1
—<£, N1 > Ny,
(5.14) No 4
' 2(N0+L+1)D<E
Ny 4

By (4) there exist an €/2 chain n € X% for F and n > N such that d(o,,(n, s),v) <
€/2. By definition of K we can choose 27, zt € K such that d(F(z7),n-n,) < €
and d(F (nn4ng—1),27) < e Let {z5,...,z; }and {zg,... 7xl++} be € chains with
I,y <L, zy = xlt =x,x,_ =2z and xa' = zT. Now we build a periodic chain
7 as follows: Let 7; = n; for i € [-Nog,n+ No—1]. Fori € [-Ng—1_ —1,—Ny—1]
let 7; be a shift of the 2~ chain from z to z_. For i € [n + Ng,n + Ny + 1] let 7;
be a shift of the ™ chain from z; to z. In particular,

(5.15) T—No—l_—1 = T = Tn+No+lps

and so we can extend 7] to define an N3 periodic € chain for F, where N3 =
n+2Ng +1_ + 14 + 1. Because Ny ' < €/4 we have from (1.14)

(5.16) d(s'(n),s'(7)) < e/dfori=0,... ,n—1.

Now we use Lemma 5.2 to compare the sequences {s'(n) : i € [0,n — 1]} and
{s'(7) : [0, N3 — 1]} with g(i) =i for i € [0,n — 1]. Since N3 —n < 2(No + L + 1),
(5.16) and (5.14) imply (5.7) and (5.8) respectively. By periodicity of 7, the lemma
implies d(oy, (7, 8), 1i7) < €/2. So d(v, pri) < €. To obtain & required by (3) shift 7
to move z to position 0.

(3) = (2): For k = 1,2,... choose a periodic 27¥ chain ¢* in X% with ¢} = 2 and
d(py,v) < 27 where puy, = per. So if ny is a period for €k ie. a positive integer
such that &F = &F for all i € Z, then py = 0y, (€%, 5). For Ny any increasing
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sequence of positive integers we can define 1 to be the extension to an element of
X7 of the sequence {n; : i = 0,1,...} defined by first going around the length n,
initial loop of &' N; times, then the length ny initial loop of ¢2 N, times, and so
on. Clearly the resulting 7 is an asymptotic chain. We show that when {Ny} is
increasing fast enough, n is a convergence point for s with p, = v.

Since any multiple of a period is a period, we can assume that ny > 2F+! for
k=1,2,.... Now let N7 > 4(2n; + 2n2) and inductively choose Ny (k > 1) so that

(Zfz_ll nle) + 2ng + 2Nk

(5.17) N

1
< .97k
-2

Now suppose N is between Zle n;N; and Zf:ll n;N;. We regard the “bad
values” of {0,..., N — 1} as all those up to Zi:ll n;N;, the first and last loops of
€%, the €**1 loop in which N occurs and, if this one is not initial, the initial £**! loop
as well. For each remaining, “good”, value j, s/(n) on the interval [—ng, ny] looks
like one of the Ny — 2 interior loops of £* or else like a piece of some loops of £+¥+1.
So by Lemma 5.2, on(7, ) is at most 27% away from some convex combination of
. and pp+1. Each of these is at most 2~k away from v, and so oy (7, s) is at most
2= (*=1) away from v. Thus the sequence {on (7, s)} converges to v as N — co.

This completes the proof that conditions (2), (3) and (4) on v € P(X%) are
equivalent. If v = pg with £ a convergence point for s, then v is s invariant and
lv| C ws(§). So if £ is an asymptotic chain, then |v| C Xp by Corollary 4.4.
Thus, such measures are sp invariant measures, i.e. (1) holds for such v’s. If v is
an ergodic invariant measure for sy then by the Birkhoff Ergodic Theorem there
exists £ € X, a convergence point for sp, with ue = v. In fact, the set of such &’s
has v measure 1. So an ergodic sg invariant measure certainly satisfies condition
(2). Every invariant measure is a weighted average of the ergodic measures. That
is, the set of sp invariant measures is the smallest closed, convex subset of P(Xr)
which contains the ergodic measures. Clearly, the set of measures in P(Xr) which
satisfy (3) or (4) is a closed set. We complete the proof by showing that the set
of measures satisfying (3) is convex. By closure it is enough to show that if v!, 2
satisfy (3) then the midpoint v! 4 112 satisfies (3).

Given € > 0, choose periodic €/2 chains ¢!, €2 for F in X2 with ¢} = ¢2 = x and
d(pgi, vh) < § for i = 1,2. By multiplying a period of &1 times a period of €2 and
then multiplying by some large positive integer we can choose a positive integer Ny,
a common period for £ and €2, which satisfies N T« 7- With D the diameter of
P(X?%) choose N; a positive integer such that

2 4Ny €
(5.18) NlD_2N1-NoD<4'
Now let £ be the sequence in X% of period 2N; - Ny consisting of N7 copies of the
initial loop of ! of length Ny followed by N; copies of the initial loop of £2 of length
Np. As usual we apply Lemma 5.2; the “bad values” are the first and last loops of
¢! and of €2, a total of 4Ny out of 2N; Ny. For each of the remaining values j, s/ (&)
looks on the interval [— N, No] like one of the &' loops ((IN1 — 2) Ny values of 5) or
like one of the £2 loops (same number of values of j). So by Lemma 5.2 we have
d(pe, 3per + Fpe2) < 5, and by convexity properties of the Hutchinson metric we
have d(ue, 3! + 312) <.



INVARIANT MEASURES 1223

(b) (1) = (2), (3), (4): If p is an F invariant measure then by Theorem 3.2 there
is an sp invariant measure v on X such that u = m«(v). Apply (2), (3) and (4)
from (a) to v and project by mp« to get (2), (3) and (4) respectively for p.

(2) = (4) and (3) = (4): Obvious.

(4) = (1): By using (4) and extending to sequences in X% we can choose for
k=1,2,... al/k chain £&¥ € X% and nj, > k such that d(o(&f,... &8 _1),p) < 1.
By going to a subsequence we can assume that {o,, (€¥,s) : k =1,2...} converges
to some measure v € P(X?%). As v satisfies (4) of part (a), it is an sp invariant
measure on Xp. Since 7o+ (04, (€, 5)) = o(&5,... &8 1), we have mo-(v) = p.

Thus, p satisfies (1). O

5.4. Corollary. For a closed relation F' on X, let Xp be the sample path space
for F with sp the restriction to Xp of the shift homeomorphism s on X% and with
7o : X% — X the time zero projection.

(a) For a measure v € P(X%) the following conditions are equivalent:

(1) There exists a basic set BcC Xp for sp such that v is an invariant sample
path measure supported by B, i.e. [v| C B and (sp)«(v) = v.

(2) There exists £ € X%, an asymptotic chain for F, such that v is among the
limit measures associated with &, i.e. v is a limit point for the sequence {0, (&, s)}
in P(X%).

(3) For every e > 0 there exists £ € X%, a periodic € chain for F, such that
d(.uﬁv v) <e.

FEvery ergodic measure for sp : Xp — Xp satisfies these conditions. FEvery
imwvariant sample path measure can be decomposed as an average of such measures.

(b) For a measure p € P(X) the following conditions are equivalent:

(1) There exists a basic set B C X for F such that p is an invariant measure
for F supported by B, i.e. |u| C B and (u, ) € Fi.

(2) There exist a basic set BcC Xp for sp and an invariant sample path measure
v supported by B such that (o) (v) = .

(8) There exists an asymptotic chain {xg,x1,...} for F such that p is a limit
point for the sequence {o(xo,... ,xn_1)} in P(X).

(4) For every e > 0 there exists an € chain {xo, ... ,xn} for F such that xg = x,,
and d(o(xo, ... ,Tn-1),1) < €.

Every extreme point of the compact convex set of invariant measures for F' is the
image under wo+ of some ergodic measure for sp, and so satisfies these conditions.
Every invariant measure for F can be decomposed as the average of such measures.

Proof. (a) Applying Theorem 4.3 to the restriction of F' to mo(Xr), we see that
a basic set B for sp is just Xp N B%, where B is the F basic set WQ(B). So if v
satisfies (1) then we can apply Theorem 5.3a to Fp because the basic set B is a
chain transitive subset (see Akin (1993), Theorem 4.5). We get asymptotic chains
in B with limit measure v and periodic chains in B whose measures approximate
v. Thus, (1) = (2) and (1) = (3) are clear.

(2) = (1): Each limit measure is s invariant, and each is supported by ws(§),
which is contained in an sg basic set by Corollary 4.4.

(3) = (1): If {¢*} is a sequence of 1/k chains in X% with period nj such that
{er } converges to v, then, as the limit of s invariant measures, v is s invariant. By
going to a subsequence if necessary we can assume that the sequence of supports of
per, the periodic orbits, converges to a set A in the space of closed subsets of X z
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equipped with the Hausdorff metric. By Akin (1993), Proposition 8.1, the support
of the limit v is contained in the limit of the supports, A. By Akin (1993), Exercise
7.37d A, is a chain transitive subset for s. Finally, it follows from Lemma 4.2a that
A C Xp. So A is contained in some basic set for sp by chain transitivity.

The support of any ergodic measure for sp is contained in some topologically
transitive subset and so is certainly contained in some basic set (see, e.g. Akin
(1993), Corollary 8.9). For any invariant measure v the ergodic decomposition
expresses v as an average (i.e. an integral of a measure on the set) of ergodic
measures.

(b) (1) = (2): If u € F. and |u| C B, then there exists a measure i on X x X
with || C F and w1+ (i) = p = 7o (). Hence, (B x X) = (X x B) =1, and so
|Z] € FN (B x B). Thus, i is an invariant measure for Fz. By Theorem 3.2 there
exists an invariant measure v on X, such that (m).(v) = p. By Theorem 4.3d
applied to Fg, Xp, is a chain transitive subset and so is contained in (and in fact
equals) a basic set B for sp.

(2) = (3),(4): v satisfies (1) of part (a). Applying (2) and (3) of part (a) and
projecting by mo-, we get (3) and (4) respectively.

(3) = (1): By Lemma 5.1 any limit measure of the sequence is the limit of
measures € invariant for F' for any ¢ > 0 and so is an F' invariant measure. (To
be precise you apply Lemma 5.2 to ignore the bad values, after which the sequence
is an €/2 chain.) The support of p is contained in the set of limit points of the
sequence {xg,z1,...}, which is, by the proof of Corollary 4.4, a chain transitive
subset contained in some F' basic set.

(4) = (2): There is a sequence {¢¥} of 1/k chains in X% with period nj such
that 7o« (pex ) converges to pu. By going to a subsequence we can assume that {px }
converges to v € P(X%), which satisfies (3) and hence (1) of (a). As u = 7o« (v), p
satisfies (2).

(2) = (1): Obvious, since mo(B) is an F basic set.

If 14 is an extreme point for the compact convex set Pr(X) then by Theorem 3.2
the set

(5.19)

C, ={v:m+(v) = pand v is an sp invariant measure on Xp}

is nonempty. It is clearly compact and convex, and so contains extrema. Such an
extremum v is an extremum for the entire set of invariant measures. (A segment
containing v maps to a segment containing p. As u is extreme, the image segment
is constantly p and so the original segment lies in C},. As v is an extremum of C,,,
the segment is constantly v.) Thus, v is ergodic.

Any element of a compact convex set is an average of the extrema. O

If F = f is a continuous map and p is an extreme point of Py(X), then p is an
ergodic measure satisfying Birkhoff’s Theorem: p a.e. x of X is a convergence point
with p; = p1. The analogue for a closed relation F' on X uses the set C,, C P . (XF)
associated to u € Pp(X) by (5.19). If i is an extreme point of Pp(X), then, for
any v € C,,, v a.e. £ € X is a convergence point for sg for which (o).« pe = p.

5.5. Theorem. For a closed relation F' on X let p be an extreme point of the
compact convex set Pr(X) of F invariant measures. Let C,, be the compact convex
subset of P(Xr) consisting of sp invariant measures v such that (mo)«v = . The
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set of convergence points & for sp such that ue € C, has v measure 1 for every
vedl,.
For every v € C,, and g € L'(X, u),

n—1

, 1
(5.20) Lty o0 ~ kZ:Og(é“kF /X gdp,

forv a.e. £ € Xp. In particular, the asymptotic fraction of times a v € C\, typical
sample path ‘visits’ a Borel set A C X is given by pu(A).

Proof. Integrating over the set of sp convergence points, we see from the Ergodic
Decomposition Theorem that for any v € C,,

(5.21) v= /ugu(df).

Applying the continuous linear map (m)«, we get

(5.22) 1= (o)) = / (0)- (s ) (d).

Because £ is an extreme point it follows that the measures (mg)«(pe) in Pp(X)
are equal to p for v a.e. £ That is, ue € C,, for v a.e. £ The L' result follows
similarly. O
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